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AN INFINITE FAMILY IN znf AT ADAMS FILTRATION SEVEN

WEN-HSIUNG LIN

ABSTRACT. We prove the family {hizh3dl} in Ext;"(Zz, Z,) detects homo-

topy elements in the 2-adic stable homotopy of spheres znf where A is the
mod 2 Steenrod algebra.

1. INTRODUCTION

In this paper we construct an infinite family in the 2-adic homotopy groups
of spheres znf at Adams filtration 7. This family {hfhsdl} is to be described
later. The construction is based on Mahowald’s method [20] which makes use
of some nice properties of the Brown-Gitler spectra [6]. By this method some
infinite families at low Adams filtrations in znf and also in pn‘f for odd primes
p have been constructed [8, 10, 11, 15, 16, 20]. All of these families are of
Adams filtration at most 4. The family {hf’h3d1} has Adams filtration 7 which
is a little bit higher. We need to make some calculations on the cohomology
Ext;"(Z,, Z,) of the mod 2 Steenrod algebra A in relevant dimensions in
order to show the nontriviality of the family {hi2 h,d,} . These Ext groups will
be calculated by May spectral sequence [21].

We begin by recalling [1] that the mod 2 Adams spectral sequence for an
has E;' = Ext’;'(Z,, Z,) where A is the mod 2 Steenrod algebra. Let h; €

Ext;’ g (Z,, Z,) be the class corresponding to the generator qul €A (i>0).
i+1

It is known [2] that 4" # 0 in Ext}? (Z,,Z,) forall i >0. J. P. May [21]
and M. C. Tangora [22] have shown that Ext:;’“(Z2 , L,) = Z, is generated by
an element called d, and that there is a nonzero element e, € Extj,"‘2 z,,z,)
such that h,d, = he, # 0 in Exti’“(Z2 , Z,) £ Z,. It is proved in [14] that

i+l
hhyd, = hhie #0 in Ext;? **(Z,, Z,) for i > 12. (The result might still
be true for smaller values of i.)

i+1
Theorem 1.1. Foreach i > 12, theclass h’h,d, = h’h,e, in Ext> **(z,, Z,)
detects homotopy elements in 7zf.«+. +37
We need to show the following.
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Proposition 1.2. For each i > 12, h,.zh3dl is an infinite cycle in the mod 2
Adams spectral sequence for znf .

Proposition 1.3. For each i > 12, hi2h3dl is not a boundary in the mod 2
Adams spectral sequence for 27tf .

The proof of Proposition 1.2 is based upon Mahowald’s method mentioned
above, and also upon the following result.

i+1
Proposition 1.4. Ext',> "**(Z,,Z.)=0 for i>12 and s<5.
A 2 2

Remark. Mahowald and Tangora [19] have shown that &, and hence h,d, =
h,e, detect homotopy elements in 27tf . So (1.2) is immediate if hf survives
the Adams spectral sequence, but this is known true only for i < 5 so far [5,
19]. Note that e, does not detect homotopy elements, as erroneously claimed
in [19], and corrected by R. Bruner in [9].

Proposition 1.3 follows from the following proposition. We recall [21, 22]
that Exti’“(Zz, Z,) = Z, is generated by an element called ¢, and that
Exti"u(Zz, Z,) = Z, and Ext‘:,’43 (z,, Z,) = Z, are generated respectively by
hshyh, and hgc, .

Propeosition 1.5. For i > 12,
0 fors<3,
E ts,2"+‘+3t;+s

Xt (z,,Z,) = Z, generated by h,_

hshyih, for s =4,

Z, generated by h, _ hc, for s =5.

i+1

It is known that d(hsh,) = 0 and d,(h,,,) = h’hy # 0 (i > 4) in the
Adams spectral sequence for znf [2, 19], that A, A, (i >2) and hyc, detect
homotopy elements [19, 20] and that A,c, = 0 in Extj’ 12(ZZ, Z,) [22]. Then
dy(h;, \hshih,) = 0 and d,(h,,  hsc,) = 0 in the Adams spectral sequence. This
proves Proposition 1.3.

Proof of Proposition 1.2 is given in §2. Proofs of Propositions 1.4 and 1.5
are given in §3.

2. PROOF OF PROPOSITION 1.2

All cohomology groups of a space or a spectrum to be considered have Z,
coeflicients.

Let RP" be the n-dimensional real projective space and let P" denote its
suspension spectrum. For m € Z, S™ will denote the sphere spectrum in stable
dimension m.

For any a, b € Z with a < b there is a spectrum Pf which, when a > 0,
is the suspension spectrum of the stunted projective space ]R.Pb/IRP“_l . These
can be defined as Thom spectra or by Jame’s periodicity as in [3]. They have
the following properties:

(1) Pf has a stable cell in each dimension from a to b.
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(2) H*(P ) has {x“, x** . xb} as a Z,-base with the Steenrod opera-
tions
Sabx' <2m+i> i+k
qx = k X

where m is any positive integer such that 2" +i > k.
3) PL=S"v P’ for b>0.
4) P =P?vs™! for a< -2.
(5) There are cofibration sequences

P — P —»PbH—»ZPf—»ZPaC fora<b<c.

We will be interested in, for i > 1, the composite

gP =P -PvsS'=p &S P =Y P, vS"=Y P

where the first map is the inclusion and the third map is the projection. The
map we want to construct for Theorem 1.1 for each i > 12 is a composite of
the form

i+l
§7 1) g3 u,e 2P LY P LS

where # is the generator of ”1 = Z, . These maps, except g, are described as
follows.

It is easy to see that there is a map j:S3 U, ¢° — P° which is nonzero in
cohomology in dimensions 3 and 5 (for reference see [18]). From (2) and (5)
we have the following.

(6) In the mapping cone X = EP 2i-1Y%0 je u, et , the Steenrod operation

8.y 2 6
Sa:H "(X)=%Z,-H (X)=1Z,

is nonzero.

Let {d,} denote any homotopy class in 7r32 detected by d| € Ext4 36(Z Z,)
in the Adams spectral sequence. The existence of such classes is proved in [19]
as is the fact that any {d,} has order 2.

Lemma 2.1. There is a {d,} such that n{d,} =0

We note [4] that h,d, # 0 in Ext5 38(Z Z,) and that d,(h,h5) = hd,

in the Adams spectral sequence for znf. The differential d,(h,h;) = h,d,
suggests the result (2.1), but the latter cannot be simply concluded from the
former alone. Some more work, though not difficult, is needed for the proof of
(2.1), and this is done at the end of this section.

Let CDZ’ s be the secondary cohomology operation dual to 4,4, as described
Adams in [2]. From Lemma 2.1 and the fact that d,(h,h;) = h d, we have the
following.
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(7) (1) There is a map Rt @}

s? U, ¢> such that the diagram
s¥ {-"_'-}> S’v,e’
{d,} \ b
s5
is commutative where {d,} is asin (2. 1) and p is the collapsing map.
(ii) In the mapping cone Y = s u, e’ U @€ 8, the secondary cohomology
operation
@, cH(Y)=2,— HY)=1,
is nonzero with zero indeterminancy.

Propeosition 2.2. For each i > 1 there is a map f: ZP 5 S_zi+l such that,

1
in the mapping cone Z = 72 U C ) P_z,-_1 , the Steenrod operation

i+l i+1
sa’ :H? (2)=2,-HZ)=1,

is nonzero.

The construction of such a map f is obtained via some nice properties of
the Brown-Gitler spectra [6, 7]; it is primarily due to Mahowald [20]. We refer
to [12] for a detailed proof of the result. A sketchy proof is given in [15].

Let @, ;, be the secondary cohomology operation dual to h as described
by Adams 1n [2]. Then from (2.2) and Adams’ Hopf invariant one theorem we
deduce the following.

(8) For i > 3, the secondary cohomology operation

i+1
@ H (Z)=2,-H'(Z)=

is nonzero with zero indeterminancy.
Now assume i > 12 and consider the composite

37 {d } i+l

TSl LPPEY P Ls
Since qu is dual to A, and ®, ; is dual to hi2 it follows from (6) and (8) that

the composite
_pitl

(pSUe—vPngPZ,]fS

_21+l

is detected by hizh3 on the top cell e By Proposition 1.4 (¢J|S3:S3 - S

has Adams filtration at least 6. Since hi2h3dl is at Adams filtration 7, h,h; is
at filtration 2 and ®, ; is dual to h,h,, it follows from (7) that the composite

37 {d } i+l

S SUS“’S‘2

is detected by h,.2h3a'1 provided it is not a boundary in the Adams spectral
sequence. This proves Proposition 1.2.
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It remains to prove Lemma 2.1. The following portion of the E_-term of the
mod 2 Adams spectral sequence for znf is depicted from [19]. Here vertical
(resp. diagonal) lines denote multiplication by A, (resp. k,), corresponding to
multiplication by 2 (resp. #) in homotopy, up to elements of higher filtration.
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It is proved in [19] that 2”?2 is a vector space over Z,. In particular, any
{d,} has order 2. Suppose n{d,} # 0 for some {d,}. From the E_-chart
above we see either n{d,} = n{q} or n{d,} = n{p3c0} for some {q} and
{p3c0} ,or n{d,} is detected by p“h1 . Since {d|} + {q} or {d,} + {p3c0} is
alsoa {d,}, we need only show that the third case is impossible. Suppose n{d,}
is detected by p“hl . Then n*{d,} is detected by hip*h, # 0 and therefore is

nonzero. On the other hand, 7’ {d,} = 4v{d|} = 0. This contradiction proves
Lemma 2.1.

3. PrROOFS OF PROPOSITIONS 1.4 AND 1.5

To begin with, we recall the following facts from [2 and 23].
Theorem 3.1 [2].

(1) Exti{"(Z2 , L,) has {h |k > 0} asa Z,-base where h, € Extj,’zk(Z2 , Zy).
(i) Exty*(Z,,Z,) has {hh|0<k <, k#1-1} asa Z,base.
(iii) If we take the products h hh, for 0 < k < | < m and remove the
products

3
Pl s bbby, s by hk+2’hk (k21),
then the remaining products are linearly independent in Extj’ * (2,,Z,).

Theorem 3.2 [23]. For each k > 0 there is a nonzero class

k+3 k
¢ €Ext)? P(z,, 1)
such that {c, |k > 0} plus the linearly independent set in (3.1)(iii) is a Z,-base
Sfor Exti,”‘(Z2 . Zy).

Propositions 1.4 and 1.5 for s < 3 follow from these results. The remainder
of this section is devoted to proving the propositions for s =4 and s =35.
Consider the polynomial algebra X = Z [R ;] over Z, on the symbols R
where i, j €Z with i >0, j>1. We tngrade the algebra X by a551gn1ng
to each generator R; the tridegree (1 —j, j, 2' (2’ 1)). X is a differential
algebra over Z, with differential J given on the generators by
i—1

i i+k i
(9) S(R) =D RT,R,.
1

-~

>~
I

The May spectral sequence [21] for computing Ext’;"(Z,, Z,) is a trigraded
multiplicative spectral sequence with Ej %' = H”*%: '( X) and has

(10) @ Ego’ ! isomorphic to ExtSA’t(ZZ, Z,) as a Z,-module.
p+q=s

The degree s in Exti,"(Z2 » Z,) is usually called the homological degree. We
call ¢ the internal degree; it is associated with the degree in the Steenrod algebra
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A . Under the degree correspondence in (10) we see the length of the monomial
(Rj.'l )kI e (R;: )k" , which is k, +---+k, , corresponds to the homological degree
and 27=1 k12i’(2j’ — 1) is the internal degree. For this reason we bigrade X by
assigning R; the bidegree (1, 2i(2j —1)) and still call s (resp. ¢) in X**' the
homological degree (resp. internal degree). Occasionally we will also call s the
homological dimension of x if x € X*** or x € H*'*(X).

It is easy to see that h; = {Ri} and bj. = {(Rj.)z} for j > 2 are indecom-
posable elements in the cohomology algebra H**(X). May constructs in [21]
some other indecomposables 4,(S) for certain sequences S of positive integers,
and these we describe as follows.

We will consider monomials R R for n > 2 such that the set {i,, i,
ces by s byt gy s B, } 1sequa1totheset {i,i+1,..., 1+2n—1}
for some i > 0. Note that i = i, for a unique k. Let {i, mo e imn—l} be
the set of the remaining i, such that i, <i, <-.-<i, andlet S be the

n—1
sequence of positive integers (i,, — i, i, —i,...,1 —1i,). Then we write
1 2

. . _ m"_l
R -..R'" € S. For i >0 and any sequence S of positive integers of length
Ji J

n — 1 which arises this way let H,(S) be the sum of all R;‘l ~--Rj." such that
i=min{i,..., i} and R} ---R €5. It is proved in [21] that each H,(S)
is a cycle. Let ,(S) = {H(S)} € H™*(X). Then May conjectures in [21] that
{h,(S)|S primitive} U {h;} U {bj'.} is a Z,-base for the indecomposable elements
of H*'*(X). We refer to [17] for the notion of a “primitive” sequence S .

In [17] we have proved this conjecture up to homological dimension 4, and
also in dimension 5 for some particular internal degrees. The proofs of Propo-
sitions 1.4 and 1.5 for s = 4 and s = 5 will be based on this result. To describe
the result we note that the primitive sequences S for which 4,(S) have homo-
logical dimensions < 4 are (1), (1, 2), (1, 3), (1, 2, 3), (1, 2, 4), (1, 2, 5), (1, 3,
4) and (1, 3, 5). These A,(S) are described as follows.

(11) h(1)€ H*(X), represented by
H()=R"R,+R'R, (i>0).
hi(1,2)€ H>*(X), represented by
I‘Il(l , 2) _ Ri+2R;+1R + R1+1R1+2R + R:+2R2Rf‘+l
+RLRR + R‘;‘R4R;+2 +R,RY'RYT (i>0).
h(l,3)e H>*(X), represented by
Hi(l , 3) Rt+3R1+1R + Rz+lR R1+2
3 1 1 ,i+3 .
+RRPRI + RRYRS (i 0).
h(1,2,3)€ H**(X), represented by
i+3 pi+2 pitl i | 5 .
H(1,2,3)=R"R;"R; "R, +H,(1,2,3)  (i>0).
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hi(1,2,4) € H**(X), represented by
H(1,2,4)=R"R7PRYR+H(1,2,4)  (i>0).
hi(1,2,5)€ H**(X), represented by
H(1,2,5 =R RPR'R +H(1,2,5)  (i>0).
h(1,3,4)€ H**(X), represented by
H(1,3,4)=R"™RPRMR,+H,(1,3,4) (i>0).
h(1,3,5) € H""(X), represented by
H(1,3,5=RPRPRYR +H(1,3,5  (i>0).
i 1 1 1 7 i

Here Fi(l , 2, 3), for example, is the sum of the remaining
i\ piy pis pi —
R;R;R;R; €(1,2,3)

with i =min{i,, i,, i3, i,}.

Theorem 3.3 [17]. (1) The elements in (11) together with h;, and b; form a
Z,-base for the indecomposable elements in H>*(X) for s < 4.

(2) There are no indecomposable elements in H>'’ (X) for j=2""143 and
j=2""1+8 where i > 12.

We thus have the following.

The Z,-module H*'*(X) isgenerated by (1, 2, 3), h,(1, 2, 4),
(12) hi(1,2,5), h(1,3,4), h(1,3,5) and the following decom-
posable elements:

hihhehy, Bihehy, h(Dhhy, bibf, bi(1),

J

h(Dh;(1), (1, 2k, h(1,3)h,.

(13) The Z,-module H 5"‘(X ) is generated by indecomposable ele-
ments and the following decomposable elements:

hhhehhy,, bbb, h(Dhjchy, h(l, 2k, h(l, 3)hh,,
he(1,2,3)h;, h(1,2, 4k, h(1,2,5h;, h(1,3,4)h,, h(1,3,5)h,,
bibr by, i (Dhy, B (Dh(Dhy, b (1,2)b], h(1, 2)h (1),

h(1, 3)by, hy(1, 3)h;(1).

For x € H*'*(X) denote by |x| the internal degree of x . We have the following
internal degrees of the indecomposable elements in (3.3)(1).
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ml=2", =272 -1 (22, IkOI=27+2,
(1, 2) =2+ 2% 12", (1, 3) =2 427 42
(1,2, 3)] =27 +2" 427 42
(14) (1,2, 4) =21 4270 4 24 1 2
h(1,2,5)=2""+2" 4 2™ 40"
b (1,3, 4) =27 4276 1 2™ 4 of)
|hi(1 .3, 5)| _ 2i+7 +2i+5 +2i+3 +2i.
From this we see the decomposable elements in (12) and (13) have the following
internal degrees. We note again that j > 2 when considering b;. .

(15) o
iy =2 +2 425+ 2 bk k| =2 '*‘( —1+2+2,
(R k| =2+ 2042 4 25, by =212~ + 22 -,

b ()] =212 - 1)+ 2P 425, k() =2 427427 4

(1, 2k =2 42" 20420 (1, 3 =2 42 2T 4 2
kb, =2+ 2+ 25 42 4 27
bbb, =272~ 1)+ 25+ 20 27,
(DR R =24 +2' 427 425+ 2,
(1, D) =27 +2% 42" 4 27 426,
(1, 3k k| =27 42" 12 4 2 4 2
h(1,2, 3 =2 + 270 42 12 4
(1,2, 4k =27+ 20 4 2™ 4 2"
(1,2, S)hy| =27+ 2 4274 2 4 2
(16) (1,3, 4)hy| =27 + 20 4270 12 4 27
(1,3, )k =27 +2° 42" 42 4
616y Bl = 2 (2~ 1)+ 2@ - 1)+ 27,

ml_

b (DA =212 = 1)+ 27 425 4+ 2,
B (1A (Dh| =2 +2' + 27 427 4 2,
B (1, 2B = 275 + 27 4 2 4 2 2k ),
(1, 2)h,(1)] = 2" + 2 42 4 277 4 2
(1, 3] = 275 4 2% 12 1 2y,
|hi(1, 3)h; (] =25 427 42 23 40
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Now assume i > 12. The internal degrees we are concerned with for Propo-
sitions 1.4 and 1.5 are 27" +7 and 2" +42 for s = 4 and 2" + 8 and
21143 for s = 5. We have the dyadic expansions 27! +7 = 271 422421420
2 b4 = 2y 4 2d 42t 2 48 = 27 4 2% and 2 443 =
214+ 2° 4+ 28 42" +2°. Note that i > 5. It is a tedious but not difficult
work to compare these dyadic expansions with those of the internal degrees in
(14), (15) and (16) to obtain the following result, the proof of which is left to
the reader. Before stating the result we recall the following relations in H***(X)
[21].

(i) kb, =0 (i >0)
(i) h,,b5 = k(1) (i >0)
(17) (iii) byby"” = K2by" + bl by (i>0).
(iv) hy, ok, (1) = h;by" (i>0)
(V) 4k (1) =0 (i>0)
Lemma 3.4. Assume i > 12. Then
(1) H4’2M+42(X) is generated by h,,  hshih, .

ihiho(1,3), b hsh (1) and

(2) H5’2i+l+43(){) is generated by h
hiprhshshihy = 0.

i+1
(3) H*? *7(X) is generated by h,hyb], b2hy(1) and h

i

hyh hy = 0.

" i+1

(4) H>? +8(X ) is generated by the following elements:
0,0 0 1,1 2,3 2,1 3,2

hyb;by = hob;ho(1), hib;_ by, hsbi_3b;_y, hybi_3b,, hib;_yby,

i7i—1
2 0 2 2 2,0 4 4 2
hihby s hi_yhybi_s, hi+1h0b2’ hyb;_4hy (1) = hyb;_4b;,
hbl hy(1), RAIb,  (2<I<i—1, [#3),
hhhb ) (1<I<i-2, [#2,4), hihb_,(0<I<i-2, [#2,4

)5
hlbiz—Zbg ’ h3b;_4hi—3(1) ’ h4(b1‘l—2)2 ’ h?—1h3 4 hi+lh‘11 ’ hihi—lh4bi2—4 =0,
hsb?—shs(l) =0, hi+1h2hlhg =0, hihi—lhiz-zh3 =0,

(h,_ ) hh2 =0, h h,h =0.

Recall that H™'*(X) is the E,-term of the May spectral sequence for
Ext,*(Z,, Z,) with convergence given by (10). The classes hsh;h, , hh hy(1)
in H>*(X) are known to persist to E_ and represent respectively the classes
hshih, and hgc, in Ext)"(Z,, Z,) [22]. It is proved in [13] that for i > 12,
h;, hshsh, and h,  hsc, are nonzero in Ext’y*(Z,, Z,) . Thus proof of Propo-
sitions 1.4 and 1.5 will be complete if we can show that &, ,h (1, 3) in (3.4)

i+1771

(2) and the nonzero elements in (3.4) (3), (4) do not persist to E_, and this
we prove in the following context where d, and d, are differentials in the May
spectral sequence.
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Lemma3.5. (1) dy: H>* 2 +2(X)  H* ¥+ (X) isnonzeroon h,, b hy(1, 3).
(2) dy: ') = Z,8L,— H5’2‘+I+7(X) is one-to-one.

(3) ker(d2:H5’2i+l+8(X ) — H6'2i+1+8(X )) is generated by the following ele-
ments:.
(@) k(b ;)% (b) k' hy, (c) h ki, (d) hb} chy(1) +hhshib? S,
(€) hb) b2+ hb! b3 +h b}, + kA
() hb by +hbl by + hhh Y +hb) |,
(&) hhhb”) +hIhbl_ for 1<I<i-2,1+2,4.
4) hih4(b,.l_3) € H6’2‘+I+S(X) is nonzero, persists to E, and
d lhy(b)_,)"1 = by (b)) .
(5) Except h4(b,.'_2)2 , all the elements in (3) lie in
im(dy: HY Y 00) - B E ),

We recall [21] there are the following differentials in the May spectral se-
quence.

d(h;)=0 allr.

r

dy(by) = B, +h, b,
dyb)) = h bty +h bl fork > 3.

dy(h;(1)) = b2, ,h.

dy(h;(1, 3)) = by, k(1) + h, ook, (1),

J+275 42

(b)) = hy oy (B2 + B (B1_))° fork > 3.
From these we calculate relevant differentials on A, ,h hy(1, 3) and the ele-
ments in (34) (3), (4) as follows.
(18) dyhy, hyhg(1, 3) = hy, hhyhy(1).
(19.1) dyhihob? = hbshgb) .
(19.2) dyb)hy(1) = hby_ ho(1) + hyb)_ ho(1).
(20.1) d,h,b0bY = hah3b] + hihyb. by,

(20.2) d2h5b3_3b,.3_4 = h5h3(bi3_4)2 + hi—lhsb?—4bi2—4 + hi—lhsbiz—3bi3—5-

(20.3) d,h’h b) = hlh.

(20.4) dyh}_hybl s = Rl




144 WEN-HSIUNG LIN

(20.5) dyh,, haby = h,, bk

hih3b!  + hhhIbD) for5<i<i-2,

h? h; for/l=1i-1.

i—1

i—l4+1 =

(20.6) d,hh2b!-) {

-1 2 i
dyhihihibi_) = dyhihsb;
(20.7) { hhihbl, | for6<i<i-3,
hh? ,h, for / =i-2.

(20.8) dyhshlb? = b kY.

dyh,b) hy(1) = hhSh,b) -+ hhgb® k(1)
(20.9) = hhihyb) o (by (17)(v))
= dzhihshsb?—s = dzhzhsbis—s-
(This is the case / =5 skipped in (20.7).)
d2h4b?—4b§ = hfh;f_bf_4 + hih4b?—5b§ + hshzbts—shz(l)

(20.10)
= hihlb} ,+ hhb? b2 (by (17)(v)).

(20.11) dyh h3b) 4 = hiH3bY , + hohh2D .

(This is the case / = 4 skipped in (20.6).)

(20.12) dyh b by = b}, + hhhib)  + hhb? b,

(20.13) dyhh3b: = dyhlbS = h i3,

(This is the case / = 3 skipped in (20.7).)

(20.14) dyhb)_yby = hhb)  + bbbl by + hh kb .

(20.15) dyhb} ,by = bl by + h3bl,.

(20.16) dyhhsh,b) | = dyhhlb) | = hhhlb) .

(This is the case / = 1 skipped in (20.7).)

(20.17) dyhsb) = hhsb)_, + hybl,.

(This is the case / =2 skipped in (20.6).)
(20.18)  dyh b, by = hih b} by + hyhb) bY + hyhb] b + Kb ,bs.
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dzhsb;_“hi—s(l) = h?—lhi—3h3bg_4 + hi—3h3b;_3hi—3(l)
(20.19) + hi—1h3h;_4hi—3(1)
= h,_ hy(B) (by (17)(iD), (i), (iv)).
(20.20) dyhy(b)_,)" = bk
To prove Lemma 3.5 we start with (3.5) (3) and (3.5) (5). Let
K =ker(dy: B2 3 (x) — HS 2 0x)).

It is clear that h?_1h3 , by +1h? and h4(bl.l_2)2 lie in K. These are the elements
in (3.5) (3) (a), (b), (c). Let d, e, f, g, denote respectively the elements in
(3.5) (3) (d), (e), (f) and (g). d € K follows from (20.9). By taking the sum of
(20.10) through (20.13) we see € € K. By taking the sum of (20.14) through
(20.17) we see f € K. From (20.7), (20.9), (20.13) and (20.16) we see each
g, €K for 1<I<i-2,1+#2,4. This proves a half of (3.5) (3). (3.5) (5)
follows from the following differentials.
dz(hi-nhsbé_z) = h?—th‘
0 4
dy(hip hyby) = i by
dy(b)_shy(1) + hshyb) ) = hb) k(1) + hhshyb! .
dz(b?—3b§ + h:bf_z) = h4b?—4b§ + h4h§b?—3 + hibi3-4b§ + hihibiz—:r
dy(b)_by +hyh,bY) = hbl by +hb’ by +hhh b +hb!.
dy(hhybio ! ) = hhobl) + hhob,,, for1<I<i-2, [#2,4.
To prove the other half of (3.5) (3) and the conclusions (1), (2), (4) in the
Lemma we need only show the following.

(1) hi+1h:hbh0(l) £0 in H6,2:’+|+43(X?.
(11) hih3h0b,~_| and hib?—lho(l)-*'hlb
H5’2i+l+7

i_1ho(1) are linearly

independent in D .
(23) (iii) The element h;h,(b,_,)" in (20.20) and the elements in
(20.1) through (20.19), except (20.10) and (20.14), are
i+l
linearly independent in H 6.2 +8(X ) - (The element in
(20.1), for example, means the element d,4,b°b).)

To prove (23) we make an observation. Suppose given a monomial y =
(R;'I ) ~~«(R;.:)’" € X and a class a € H""(X). Any representing cycle x of
o in X is a sum of monomials. We write y € o to mean that there exists a
representing cycle x such that y appears in the sum x. If a monomial such
as y above satisfies

(%) i, #1i,+j, forala,b
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then we say this monomial satisfies the “nonboundary” condition. Suppose
y satisfies (x). Then the property “y € a” depends only on the class «,
that is, if o« = {x} and y appears in the cycle x then it appears in any
other representing cycle x'. This follows straightforwardly from the differential
formula (9). Thus we may write y ¢ f if y does not appear in some (and
hence any) representing cycle of f. The observation is the following which
also follows straightforwardly from (9).

Let {a,,,,...,qa,,B,,B,,...,B,} be a finite subset of
H™*(X) with {B,,B,,..., B,} linearly independent. Sup-
pose there exist monomials y,, y,, ..., », all satisfying (x)
such that y; €a; for 1<j<m, ngzak for j #k and ngz
B for1<j<m,1<I/<n.Then {a,0a,,...,q,, B,...,
B,} is linearly independent.

We apply (24) to prove (23). First we prove (23)(i) and (23)(ii). For (23)(i)
we take m=1, n=0 and al =h h h hy(1) . Recall that {R:R2+R;Rg} =

i+1

hy(1). Thus R‘“( R (R))’R) € h,Hh h( ). Since i > 12, the monomial
R’“R (RY*R? satisfies (x). SO h,, hihhy(1) # 0. For (23)(ii) take m =
1 1 1 3

i+l
2, n =0, a; = hhshob; s and % = h,bf’ (1) + kbl ho(1). Let y, =
R R RO(R, 3)s Yy = Rl(Ri_l)R1R3. Both y, and y, satisfy (). Since
yi€a;, j=1,2,y ¢a,, ¥, €0 it follows that o, and «, are linearly
1ndependent This proves (23)(i) and (23)(ii).

For (23)(iii) we define o; for 1 <j<2i+4, j#10, i+8, i+10 and
B, B,, B, as follows. For 1 < j <5, let o ; denote the element in (20.j).
(We stress again that the element in (20.1), for example, means the element
dzhzb?bg .) Let o, a;, ag denote respectively the elements in (20.8), (20.15)
and (20.20). Let o, = a’hh b, g for 2 <1 <i—1,1# 3 and let
Qjror = dzhih1h3bf_,] for 1 </ <i-2,1#2,4. The elements a,,, for
5<I<i-1 arein (20.6). The elements «; ¢ , for 6 </ <i-2 arein (20.7).
Qg, 0y, 0L q, e, @, are elements in (20.17), (20.11), (20.16), (20.13),
(20.9) respectively. Let B, denote the element in (20.18), B, the element in
(20.19) and p, the element

(24)

4 ;2 2,3
hihyb;_sby + hhhyb;_,

which is the sum of the element in (20.11) and the element in (20.12). To prove
(23)(iii) is equivalent to proving {a,, a,, ..., ay, 4, By, B,, B3} is linearly
independent.

Consider the following monomials Y for 1 <j<2i+4, j#10, i+8,
i+10.

2.2, 50,2, ,0,2 553, p3 4
W= (Rl) (R]) (R) > y2=R|R|(R,‘_4) >

i 2 i—1\3 p4, 2 12
= (R)'(R)?, ve=(R)'RUR,)’,
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ys = R RAR))Y, RR( DR ),
y7=RllR?(R? )(R;)Z’ y8= 1 1( ,‘-3) s
(ROHRHARL_)? fora<i<i-2,

YVia= Rl( 2)( ,~_2) for/=2

(RTHY(RY) forl=i-1,
o { RI(R)’RIR._,_\)? for1<i<i-3, 142,84,
o RURITYHR for [ =i-2.

Since i > 12, each y; satisfies the “nonboundary” condition (x). One checks

that {y,,y,, ..., Vy,4} and {e, 0y, ..., 5.4, B, B,, B3} have the rela-
tions described in (24). Thus {a;, a,, ..., @4, B> B, B3} is linearly inde-
pendent if we can show the following.

(25) {B,, B,, B,) is linearly independent.
We recall that
B, = hhb? b3 + hoh b} by + hih b} by + hib! ,b),
B, =h,_ (b)), and
By = hih4h2bi—4 + hih4b?—-5b;'

i+1
They are represented respectively by the following cycles in X 6,2746

RURY(RL;) (R + RiR\ (RLy) (R + KR\ (RL,) (Ry)’
+ (R (R, (Ry)’,

Ri—l R(R 12 3)4

RIR{(R)’(R,_,)" + RiR{(Ri_y)*(R3)".

We prove (25) by working in the Z,-dual Hom(X, Z,) = Y which is a differ-

ential coalgebra over Z, with dlﬁerentnal given by duahzlng the differential (9)

in X. Let (P ‘l)" ~~(P )" be the element in Y dual to (R")" -o‘(Rjn)'" in

Ji
the monomial ba51s for X . One verifies that the elements

= PP (PR ) (P + PPITPP P (),

—Pl 1P3(P1 3)4 P P PP (Pl 3)2’
22
x3=PlP1(Pl)(P D+ PPN P P

%)
i 4 p2
+P1P1P1Pi—4Pi—7P4

(26)

(27)

6,248

are cycles in Y . Let ¥, = {x} j =1,2,3. Comparing (26) and

(27) we see (yj » By) = Thus we need only show {y,,7,, 75} is linearly
i+
independent in H®? +8(Y).
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Let A:Y - Y ®Y be the coproduct. The component element in yh2+e ®

Y228 of A(x,) (resp. A(x,), A(x;)) is PP} (P?)*® (P2 ,)* (resp. 0, 0). The
component element in Y2 gy I of A(x,) (resp. A(x,), A(x,)) is
Pf'le ® (P2i"3 )4 (resp. 0, 0). The component element in y> 2+ ® y>?
of A(xy) (resp. A(x,),A(x,)) is P(P})* ® PH(P),)* (resp. 0,0). Each of
PP (P, Pl(PY?, PP, PIP(PY)?, (PP.,)? is a cycle. Their
duals R\7'R}, (R, RI(RD?, RYRL ), RIR|(R), (R}_,)" are also
cyclesin X representing nontrivial cohomology classes by (24) since they all sat-
isfy (). Thus {A,(7,), A,(7,), A,(7;)} is linearly independent; so {y,, 7,, 73}
is linearly independent. This proves (23).

This completes the proof of Lemma 3.5 and therefore Proposition 1.4 and
Proposition 1.5.
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